Anti-Kekulé problem is a concept of chemical graph theory precluding the Kekulé structure of molecules. Matching preclusion and conditional matching preclusion were proposed as measures of robustness in the event of edge failure in interconnection networks. It is known that matching preclusion problem on bipartite graphs is NP-complete. In this paper, we mainly prove that anti-Kekulé problem on bipartite graphs is NP-complete. As an extension to (conditional) matching preclusion problem, we propose the concept of s-restricted matching preclusion problem, and prove that such problem on bipartite graphs is also NP-complete. Finally, we determine that s-restricted matching preclusion number of Q n (n ≥ 3) is 2n − 2.
Introduction
Let G = (V, E) be a simple graph. Let N(v) be the set of neighbors of a vertex v and d(v) = |N(v)|, the degree of v. A matching M of G is a set of pairwise nonadjacent edges of G. The vertices of G incident to the edges of M are called saturated by M; the others are unsaturated. A matching in G of maximum cardinality is called a maximum matching. The cardinality of a maximum matching is called the matching number of G, denoted by ν(G). A perfect matching is a matching of cardinality |V (G)|/2. An almost perfect matching is a matching covering all but one vertex of G. Let F be a set of edges of G. If G − F has neither a perfect matching nor an almost perfect matching, then we call F a matching preclusion set of G. The matching preclusion number of G, denoted by mp(G), is the minimum cardinality over all matching preclusion sets of G. A matching preclusion set of a graph G with even order is trivial if all its edges are incident to a vertex of G. Based on the definition, we set mp(G) = +∞ if G has neither a perfect matching nor an almost perfect matching. For other standard graph notations and terminologies not defined here please refer to [1] .
In organic molecule graphs, perfect matchings correspond to Kekulé structures, which play an important role in analyzing resonant energy and stability of hydrocarbon compounds. In [17] , Vukičević and Trinajstić proposed the anti-Kekulé number of a connected graph G as the smallest number of edges such that after deleting these edges of G the resulting graph remains connected but has no Kekulé structure (perfect matching). For convenience, we call such a set of edges of G anti-Kekulé set. Anti-Kekulé numbers of some chemical graphs were studied, such as a hexagonal system [3] , the infinite triangular, rectangular and hexagonal grids [16] , cata-condensed benzenoids [18] , fullerene graphs [20] and cata-condensed phenylenes [22] .
The concept of matching preclusion was first introduced by Brigham et al. [2] as a measure of robustness of interconnection networks under the condition of edge failure. In the same paper, the authors showed that it will be more robust under edge failure if each vertex has a special matching vertex at any time, and they also determined the matching preclusion number of Petersen graph, K n , K n,n and the hypercube. Recently, matching preclusion numbers for Cayley graphs generated by transposition trees and (n, k)-star graphs [5] , tori (including related Cartesian product graphs) [6] , burnt pancake graphs [10] and HL-graphs and recursive circulant G(2 m , 4) [14] have been determined. In large networks failure is inevitable, but it is unlikely that all the edges incident to a common vertex are all faulty simultaneously. Thus, it is meaningful to consider matching preclusion of a graph with some restriction on the number of vertices in components after deleting some edges. Motivated by this, Cheng et al. [4] considered conditional matching preclusion set (resp. number) of a graph G. The conditional matching preclusion number of a graph G, denoted by mp 1 (G), is the minimum number of edges whose deletion leaves the resulting graph with no isolated vertices and without a perfect matching or an almost perfect matching. This problem is solved for the complete graphs, the complete bipartite graphs and the hypercubes [4] , arrangement graphs [7] , Cayley graphs generated by 2-trees and the hyper Petersen networks [8] , cube-connected cycles [12] , the balanced hypercubes [13] , HL-graphs [15] and k-ary n-cubes [19] .
By above, we know that anti-Kekulé numbers, matching preclusion numbers and conditional matching preclusion numbers of many graphs have already been determined. Here a natural question is: what's the complexity of these problems on general graphs? In this paper, we mainly solve this question.
The rest of the paper is organized as follows. In Section 2, we prove that antiKekulé problem is NP-complete. In Section 3, we propose the concept of s-restricted matching preclusion problem, and prove NP-completeness of it. s-restricted (s ≥ 3) matching preclusion number of the hypercube is determined in Section 4. Finally, conclusions are given in Section 5.
NP-completeness of anti-Kekulé problem
Let G be a graph with matching number ν(G). In [21] , Zenklusen et al. proposed a blocker for G as a minimal set of edges whose removal results in matching number of G smaller than ν(G). They also defined the minimum blocker problem (MBP) as follows. Given a bipartite graph G = (U ∪ V, E) and a positive integer k, does there exist an edge subset B of E with |B| ≤ k such that B is a blocker for G? Additionally, NP-completeness of MBP was proved in the same paper. In [11] , the authors studied a special case of MBP, called minimum blocker perfect matching problem (MBPMP), where G is a bipartite graph with a perfect matching. They proved that MBPMP is NP-complete.
MBPMP is the same as matching preclusion problem of a graph with perfect matching. Thus, matching preclusion problem on bipartite graphs is also NPcomplete.
Now we state anti-Kekulé problem as the following decision problem. Anti-Kekulé problem: Instance: A nonempty graph G = (V, E) having a perfect matching and a positive k.
Question: Dose there exist a subset B ⊆ E with |B| ≤ k such that G ′ = (V, E\B) is connected and G ′ has no Kekulé structure.
Theorem 2 . Anti-Kekulé problem on bipartite graphs is NP-complete.
Proof. Obviously, anti-Kekulé problem is in NP, because we can check in polynomial time whether a set of edges is an anti-Kekulé set. We prove the NP-completeness of anti-Kekulé problem by reducing MBPMP to it in polynomial time. Let G = (U ∪ V, E) be a bipartite graph with bipartition U and V such that |U| = |V | = t. Suppose that G has a perfect matching. Let u 1 , u 2 , . . . , u t (resp. v 1 , v 2 , . . . , v t ) denote the vertices in U (resp. V ). The graph Fig. 1 . The graph G ′ constructed from G for proving NP-completeness of anti-Kekulé problem.
In the following, we show that G has a matching preclusion set of cardinality no greater than k if and only if G ′ has an anti-Kekulé set of cardinality no greater than k + 1.
Necessity. Suppose that B is a matching preclusion set of G with |B| ≤ k. Then G \ B has no perfect matchings. Let B ′ = B ∪ {e}. We will prove that B ′ is an anti-Kekulé set of G ′ . Since u ′ joins to each vertex in V and v ′ joins to each
′ is connected and has no perfect matchings. Let B = B ′ ∩ E(G). We consider the following two cases:
Thus, B is a matching preclusion set of G.
Case 2: e ∈ B ′ . If B is a matching preclusion set of G with |B| ≤ k, we are done. If B is not a matching preclusion set of G, then G \ B has a perfect matching M. For convenience, we denote the edges in M by u i v i with 1 ≤ i ≤ t. We claim that e ′ ∈ B ′ . If not, M ∪ {e, e ′ } is a perfect matching of G ′ \ B ′ , a contradiction. Also, we claim that one of v ′ u i and u
It implied that G has a trivial matching preclusion set with cardinality no greater than k. We now consider the remaining case. If B is a matching preclusion set of G such that |B| = k + 1. Then B ′ ⊆ E(G). Let M be a maximum matching of G \ B. We claim that |M| ≤ t − 2. Otherwise, |M| = t − 1. Suppose that u i (1 ≤ i ≤ t) and v j (1 ≤ j ≤ t) are the only two vertices in G unsaturated by M. Then M ∪ {u i v ′ , u ′ v j , e} is a perfect matching of G ′ \ B ′ , a contradiction, and the claim holds. Let e ′′ be an arbitrary edge in B and
Thus, B 1 is a matching preclusion set of G with |B 1 | ≤ k.
NP-completeness of s-restricted matching preclusion problem
In this section, we propose a new kind of matching preclusion problem called s-restricted matching preclusion problem, which is an extension of the concept of conditional matching preclusion problem. The motivation to study this concept is that it is meaningful to consider the resulting graph with each component containing at least s + 1 (s ≥ 2) vertices under the condition of edge failure.
Let s be a nonnegative integer and F an edge subset of G. If G − F has neither perfect matching nor almost perfect matching, and each component of G − F has at least s + 1 vertices, then F is called an s-restricted matching preclusion set of G. The s-restricted matching preclusion number, denoted by mp s (G), is the minimum cardinality over all s-restricted matching preclusion sets of G. Based on the definition, we set mp s (G) = +∞ if G has neither perfect matching nor almost perfect matching. We also define mp s (G) = +∞ if an s-restricted matching preclusion set does not exist, that is, we can not delete edges to satisfy the two conditions in the definition.
Clearly, 0-restricted matching preclusion problem is equivalent to matching preclusion problem. Thus, for definition consistence, we still use mp(G) to denote mp 0 (G). 1-restricted matching preclusion problem is equivalent to conditional matching preclusion problem. Note that an (s+1)-restricted matching preclusion set of G is a special s-restricted matching preclusion set of G, the following proposition is obvious. Proposition 1 . Let G be a nontrivial graph. In addition, let s be a nonnegative integer. Then
It is easy to see that after deleting an s-restricted matching preclusion set of G, there is no requirement for the resulting graph of G being connected. But after deleting an anti-Kekulé set of G, the resulting graph of G must be connected. Now we state s-restricted matching preclusion problem on bipartite graphs with a perfect matching as the following decision vision.
s-restricted matching preclusion problem (s is a positive integer):
Instance: A nonempty bipartite graph G = (V, E) having a perfect matching and a positive integer k.
Question: Dose there exist a set B ⊆ E with |B| ≤ k such that G ′ = (V, E \ B) has no perfect matching and each component of G ′ has at least s + 1 vertices. Theorem 3 . s-restricted matching preclusion problem on bipartite graphs is NPcomplete.
Proof. We use the notations defined in the proof of Theorem 2. We need to prove that B is a matching preclusion set of G with |B| ≤ k if and only if B ′ is an srestricted matching preclusion set of G ′ with |B ′ | ≤ k + 1. It can be observed that G ′ contains exactly 2(t + 2) vertices, so s ≤ 2t + 3. Necessity of the proof. By Necessity of Theorem 2, B is a matching preclusion set of G with |B| ≤ k, so G \ B has no perfect matchings. Note that G ′ \ B ′ is connected and has no perfect matchings, thus G ′ \ B ′ has no perfect matchings and contains at least s vertices. Hence, B ′ is an s-restricted matching preclusion set of
. Again, we consider the following two cases:
Thus, B is a matching preclusion set of G with |B| ≤ k. Case 2: e ∈ B ′ . By Sufficiency of Case 2 in Theorem 2, whether G ′ \B ′ is connected or not, there always exists a subset B ⊆ E(G) with |B| ≤ k such that G \ B has no perfect matchings. We complete the proof.
s-restricted matching preclusion number of the hypercube
By the above section, studying s-restricted matching preclusion number of general graphs is hard, so it is interesting to determine s-restricted matching preclusion number for some famous interconnection networks. In what follows, we will determine s-restricted (s ≥ 2) matching preclusion number for the hypercube Q n . Before proceeding, it is convenient to give some notations of Q n .
Any vertex v of the hypercube is denoted by an n-bit binary string v 1 v 2 . . . v n , where v i ∈ {0, 1}, for all i, 1 ≤ i ≤ n. Two vertices of Q n are adjacent if and only if their binary strings differ in exactly one bit position.
In [2] , the authors determined that mp(Q n ) = n, and showed that any minimum matching preclusion set is composed of all edges incident to a single vertex.
Cheng et al. [4] discussed the basic obstruction to a perfect matching or an almost perfect matching in the resulting graph with no isolated vertex. For a graph with no isolated vertex, they showed that a basic obstruction to a perfect matching will be the existence of a path uwv, where the degree of u and the degree of v are 1. We define v e (G) =min{d
there exists a vertex w such that uwv is a 2-path}, where d G (.) is the degree function and y G (u, v) = 1 if u and v are adjacent and 0 otherwise. Lemma 4 [4] . Let G be a graph with an even number of vertices. Suppose every vertex in G has degree at least three. Then mp 1 (G) ≤ v e (G).
Let S be a conditional matching preclusion set of Q n . If |S| = mp 1 (Q n ), then S is called an optimal conditional matching preclusion set. Furthermore, assume that uwv is a 2-path in Q n , if all edges in S are incident to u or v, where uw, wv ∈ S, then S is called a trivial conditional matching preclusion set. Cheng et al. [4] obtained the following lemma.
Lemma 5 [4] . Let n ≥ 3. Then mp 1 (Q n ) = 2n − 2. Moreover, every optimal conditional matching preclusion set is trivial.
For x ∈ V (Q n ), let I(x) be the set of all edges incident to x in Q n . For uv ∈ E(Q n ), let I(uv) = I(u) ∪ I(v) \ {uv}. It is obvious that |I(uv)| = 2n − 2.
Lemma 6 [9] . Let F be an edge subset of Q n with |F | = 2n − 2 for n ≥ 2. For any edge uv ∈ E(Q n ), if F = I(uv), then Q n − F is connected.
Lemma 7 . Let B be a trivial conditional matching preclusion set of Q n for n ≥ 3. Then Q n − B is connected.
Proof. Since B is a trivial conditional matching prelusion set of Q n , for any edge uv ∈ E(Q n ), B = I(uv). By Lemma 6, Q n − B is connected. Theorem 8 . Let n ≥ 3. Then mp s (Q n ) = 2n − 2 for all integers s ≥ 2.
Proof. Suppose that B is a conditional matching preclusion set of Q n with |B| = 2n − 2. Thus, by Lemma 5, B is a trivial conditional matching preclusion set. By Lemma 7, G is connected. Then B is also an s-restricted (s ≥ 2) matching preclusion set of Q n . On the other hand, by Proposition 1, mp s (Q n ) ≥ mp 1 (Q n ). Therefore, mp s (Q n ) = 2n − 2.
Conclusions
The MBPMP problem, arising in the structural analysis of differential-algebraic systems, is the same as matching preclusion problem for measuring robustness of interconnection networks. It is known that MBPMP is NP-complete, thus matching preclusion problem on bipartite graphs is also NP-complete. By reducing MBPMP to anti-Kekulé problem in polynomial time, we prove that anti-Kekulé problem is NP-complete. Then the s-restricted matching preclusion problem, which is a generalization of matching preclusion and conditional matching preclusion problem, is proposed, and the same reduction is used to prove its NP-completeness on bipartite graphs. After that, as a example, we determine s-restricted (s ≥ 2) matching preclusion number of Q n for n ≥ 3. Additionally, the complexity of s-restricted matching preclusion problem on graphs with given maximum degree should be further studied.
